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Abstract

The question whether a housebuyer should choose fixed or adjustable
interest rate on his mortgage has been analyzed extensively in the lit-
erature. Here we ask a different question: Which fraction of the house
financing should be to the fixed rate and which share should be to the
floating rate? The question is already relevant for mortgage choices in
several countries and will probably become relevant for more mortgage
markets due to the ongoing liberalization of such markets.

Our economic agent has an exogenously determined initial amount
of debt. The agent is equipped with a constant relative risk aversion
utility function and a deterministic terminal wealth before debt interest
payments and faces the described debt allocation problem. By this for-
mulation the problem is related to the seminal Merton (1969), Merton
(1971) asset allocation problem. In order to model fixed and floating
interest rates we use a version of the Hull and White (1990) term struc-
ture model, essentially the Vasicek (1977) model fitted to the initial term
structure.

First, the static case is considered, where no rebalancing of debt is al-
lowed after the initial point in time. The optimal fraction of floating rate
debt is shown to be proportional to the wealth-to-debt ratio. No closed
form solution for the optimal fraction of floating rate debt is available, but
some analytical approximations are discussed and compared with numer-
ical solutions. Next, the dynamic case is treated where the debt portfolio
can be rebalanced continuously at no cost. In this case closed form solu-
tions for the optimal fraction of floating rate debt are available We find a
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surprisingly low increase in welfare, measured by expected utility, in the
dynamic case compared to the static case. The optimal debt portfolio
in the dynamic case is sensitive to the initial shape of the initial forward
interest rates and therefore may or may not resemble the static case.

JEL-classification: D14, G11, D81, D91, E}3.

1 Introduction

Household finance!, by analogy with corporate finance, asks how households
use financial instruments to attain their objectives. One can distinguish be-
tween positive household finance - what households actually do, and normative
household finance - what households should do. One of the largest household
investments is, for most people, the purchase of a house. The mortgage contract
is therefore the most important financial contract for a typical household.

There exist two fundamentally different mortgages: Floating rate mortgages
(also called adjustable rate mortgages - ARM) and fixed rate mortgages (FRM).
The fixed rate mortgage specifies a horizon over which the interest rate is fixed.
These two contracts may be equipped with additional options. An important
example for FRM is the prepayment at par option . That is, the borrower can
at any time call the mortgage at par value, it is not possible to owe more to the
lender than the original face value. ARM’s can for example be equipped with a
cap on the interest rate, i.e., the floating interest rate can not exceed the cap.

Both the menu of available mortgages and the distribution of actually used
mortgages vary from country to country. In Norway, Great Britain, and Swe-
den more than 40% of the mortgages are adjustable, see European Central Bank
2003; Miles (2005). But also Austria, Italy, Ireland, and the Netherlands have
more than 20% adjustable mortgages. Only the US, France, and the Nether-
lands have more than 60% fixed for 10 years or more mortgages (including only
European countries and the US). In Ireland and Spain more than 60% of the
mortgages are fixed for less than 5 years. This information also emphasize that
whereas in some countries the horizon of the FRMs are 20 or 30 years, in other
markets the horizon maybe shorter than 5 years. Traditionally, in the American
market FRM’s are issued with a prepayment-at-par option and financing of a
house has been done either by an FRM or an ARM for typically a long horizon
of 20 years or more. The American mortgage market has been analyzed exten-
sively in the academic literature. See e.g., Dunn and Spatt (1985, 1988, 1999),
Campbell and Cocco (2003).

The following example illustrates mortgage alternatives in the Norwegian
market. Most Norwegian banks offer customers a menu of choices for mortgage
financing. The interest rate conditions of the major Norwegian bank Postbanken
(part of the DnB group) are presented in table (1). The conditions depend
on whether the loan amount is within 60% or 80% of the value of the house
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floating fixed
Oct 30,2002 | >1Im < im 3y 5y 10y
< 60% 81% 8.45% | 7.45% 7.40% 7.40%
< 80% 8.85% 9.15% | 7.9% 7.85% 7.85%
Mar 6, 2006 > %m < %m 3y 5y 10y
< 60% 3.35% 3.80% | 4.40% 4.65% 4.90%
< 80% 4.20% 4.50% | 4.85% 5.10% 5.35%

Table 1: Interest rate conditions of Postbanken Oct 30, 2002 and March 6, 2006,
found at www.postbanken.no.

and whether the amount of loan is above or below 500 000 NOK (roughly
70 000 USD). The customer can choose between floating, fixed for 3, 5, or, 10
years interest rates, and also the allocation of debt between these 4 alternatives.
Observe that the fixed rate alternatives do not include any prepayment option. If
the interest rates decrease during the term of the contracts, customer may end up
owing the lender more money than the original loan amount. In medias advices
of the kind ”Fix everything now!”, ”Let your debt float!” flourish. Sometimes
you also see more refined advices as: "Keep half your debt fixed and let the
other part float!”.

Motivated by this example, we study an economic agent who borrows an
exogenously determined amount of money. Two types of loan alternatives are
present: Loan with a fixed interest rate through the loan horizon and loans
with floating interest rates. Our model is simpler than the example as only
one fixed rate debt alternative is present. By finding the optimal floating rate
fraction, we also residually determine the optimal fraction of fixed rate debt.
Observe that this question is different from the question addressed elsewhere in
the literature (see Campbell and Cocco (2003)): Under which conditions should
an agent choose ARM or FRM? We do not include any prepayment option.

Our model does not include labour income, consumption, taxes, or inflation.
One reason for this is to maintain parsimony. Another reason is that for many
markets the horizon of the fixed rate alternative may be realitive short (1 to 5
years). It is reasonable that labour income, consumption and inflation have less
impact for such short horizons, than for horizons of, say, 20-30 years.

Interest rates are driven by a one factor model. In a setting with several
fixed rate alternatives with different horizons, one implication of the one-factor
model is that only one fixed rate alternative will be chosen at any time. A
natural extension of this work is to include more factors. In a multi-factor model
the optimal debt portfolio may include several fixed rate debt alternatives with
different horizon.

We assume that both fixed and floating rate interest rates are determined
from the prevailing term structure of interest rates derived from a financial
market. There is no mark-up or spread added to the mortgage rates compared
to the observed interest rates.



The investor must determine his initial distribution between fixed rate and
floating rate loan. Two extreme cases are treated with respect to intermediate
rebalancing of the loan portfolio: No rebalancing and continuous rebalancing.

The basic intuition of our model is as follows: The more risk averse the agent
is, the larger fraction of his debt he wants to the fixed rate. Fixed rate debt
thus serves as an insurance against future fluctuating interest rates.

The problem is in many ways related to the classical Merton (1969), Merton
(1971) problem. Merton studies the investment decision or asset allocation
where capital may be invested either in a risky security or to the riskfree interest
rate. Whereas Merton deals with allocation of assets, we focus on the liability
side of the balance sheet and study debt allocation. In our set-up fixed rate
debt corresponds to a ‘risky’ investment in the sense that the intermediate
market value of the fixed-rate debt fluctuates randomly. Although we allow for
stochastic interest rates, floating rate debt has similar dynamics as a bank or
money market account which in Merton’s model corresponds to the ‘riskfree’
investment.

A term structure model including random interest rates is essential to our
problem. In order to keep things simple we use a one factor Gaussian spot
interest rate process with mean reversion. The same process was first used by
Vasicek (1977). By assuming a special structure of the market price of interest
rate risk process the Vasicek model is consistent with the initial observable term
structure. This extension is credited Hull and White (1990). By calibrating the
model to the initial observable term structure one does not need to make ad-
hoc assumption with respect to the market price of interest rate risk (like the
typical example of a constant market price of interest rate risk). At the same
time forward interest rates, which are observable, in our model as well as in real
world financial markets, enter the model in a natural way.

Our set-up is similar to the recent literature on asset allocation in models
with stochastic interest rates (Sgrensen, 1999; Brennan and Xia, 2000; Bajeux-
Besnainou, Jordan, and Portait, 2001; Munk and S¢rensen, 2001). Brennan and
Xia (2000) and Bajeux-Besnainou et al. (2001) suggest a solution to the appar-
ent asset allocation puzzle established by Canner, Mankiw, and Weil (1997),
However, most of these papers assume a constant market price of risk. This
difference may play a crucial role when it comes to optimal allocations.

Section 2 of the article contains a description of one version of the Hull and
White (1990) term structure model.

Section 3 describes the agent’s problem.

In section 4 we present results for a static model without the possibility to
rebalance the loan portfolio before expiration. We derive a lower bound for
the fixed rate which is interpreted as follows: The agent will not borrow at the
floating rate (though he may wish to lend money at the floating rate) if the fixed
rate is below this lower bound. This lower bound depends only on, in a specific
sense, expected future interest rates. We also derive an upper bound for the fixed
rate interpretable as follows: The agent will not borrow at the fixed rate (also
for this case he may wish to lend money to the fixed rate) if the fixed interest
rate is above this upper bound. In addition to expectations about the future



interest rates this upper bound depends on characteristics of the agent related
to his financial wealth and preferences. For values of the fixed rate between the
lower and upper bounds it is optimal to keep positive fractions of both floating
rate debt and fixed rate debt. We show that the optimal fraction of floating rate
debt is proportional to the initial wealth-to-debt ratio. No closed form solutions
for the optimal fraction of floating rate are available, but we discuss briefly 3
different approximations and compare them briefly with numerical solutions.

In section 5 the agent is allowed to rebalance his loan portfolio continuously
at no cost. For this problem we derive closed form expressions both for optimal
expected utility and optimal fractions of floating rate debt. We present some
numerical comparisons of the dynamic case with the static case both in terms of
welfare measured by optimal expected utility and in terms of initial fractions of
floating rate debt. Our numerical examples indicate, perhaps surprisingly, only
a marginal increase in optimal expected utility. It turns out that the interplay
between the market price of risk and the initial forward rates plays an important
role, especially for the optimal debt fractions. Miles (2005) also discusses how
initial yields may affect the consumer’s choice of mortgage. As a consequence
the optimal initial fractions of debt may be substantially different from the static
case. Several examples are included to illustrate this point.

Finally, section 6 concludes the article.

2 The agent’s problem

We denote the initial point in time by s and the horizon by T
We assume that utility is derived from final time 7" wealth only, and that the
agent is equipped with a constant relative risk aversion (CRRA) utility function
given by
L
u(x) = ——a P, 1
@=1— 1)
where, as usual, p can be interpreted as the relative risk aversion coefficient

(%x = p). Here p is assumed positive and the special case p = 1 corresponds

to the utility function u(z) = In(x).
The floating rate loan is assumed to accrue interest according to a contin-
uously compounded spot rate r;. The accrued floating rate over the interval

(t,T) is given by
T
R; = / r.du,
t

where the dependence on T is suppressed. We denote by R the initial time s
accrued (s,T) interest rate. In the first case (the static case) we consider below
R is denoted by R since this is the only random variable in question.

Denote by fi(u) the continuously compounded forward rate for time u ob-
servable at time ¢, s <t < u < T. The fixed loan rate for the period (¢,T) is



determined at each point in time from the time ¢ observable forward rates as

1 T
ry = —— u)du.
=i [ A
The initial time s fixed rate is denoted by 7%, i.e., r* = r¥. The connection
between the fixed rate/forward rates and the market price of a default free unit
discount bond with expiration T, P; r, is

Pt,T =e ftT fe(u)du _ e—T‘f(T—t)-

The initial time s amount of debt is exogeneously given by the constant D.
The time ¢ market value of debt is denoted by D; for t < T.

Furthermore, we assume that the agent has a deterministic and exogenously
given time T wealth W. This constant can be interpreted as the total wealth
before debt payments at time T, and in particular, includes potential net savings
in the period (s, T). Typically, a significant share of W will serve as the collateral
for the loan, e.g. in the case of house financing, the time 7" value of the acquired
house is included in . We therefore refer to W as the collateral.

Finally, all interest payments are assumed to take place at the horizon T.

Below some notation is introduced. The time t market value of wealth W;
is simply the difference between the time ¢t market value of the collateral and
the debt, i.e.,

W, =We T _ Dy, (2)

In particular, the initial time s market value of time 7" wealth is denoted by W,
ie., W =W,.

We denote the ratio between the time ¢ market value of wealth and the
(market value of) the time ¢ debt by L;. Then

LW We i (T=t) _ D,
7D, D, '

Sometimes we refer to L; as the (time t) wealth to debt ratio. According to our
practice we denote the initial time s wealth to debt ratio by L, that is L = L.

3 The static case: No intermediate rebalancing
of debt

In this section we assume that no rebalancing of the debt portfolio can take
place after the investor has chosen the initial distribution between fixed and
floating rate debt.

We denote the fraction of floating rate debt to total debt by « (the optimal
value of « is denoted by a*). The agent’s terminal (time T') wealth Wr is the
difference between the exogeneous time T wealth and the sum of the floating
and fixed rate debt payments, where the debt payments include both the return



of the face values (principals) and payments of interest rates. This may be
written as

Wr =W — aDef — (1 — a)Dem"@=).

Observe that R is the only random variable in this expression. Unless R =
fST r¢dt is bounded there may be a potential mathematical problem of negative
terminal wealth for high values of «. The case of negative terminal wealth has
a clear economic interpretation as bankruptcy, but the utility function is not
defined in this case.

Values of a < 0 represent short positions of floating rate debt, which means
that the investor acts as lender instead of borrower. Similarly, values of o > 1
imply short positions of fixed rate debt, which means that the investor acts as
a bond investor instead of a bond issuer. We do not formally exclude values of
« greater than 1 or lower than zero, but since we are primarily concerned with
optimal debt allocation, we focus on the case 0 < o < 1 in numerical examples.

Now rewrite? Wy in terms of the time s wealth-to-debt ratio L as

Wr = DL =) [14 2 (1= R0 ]
The agent’s problem is stated as

max E [u(Wr)].

(03
Differentiating yields

0 .7: S
I rT(T—s) / _ R—r®(T-5s))
5= = DLe E [u (Wr)(1—e )} .

The first order condition of this problem is
E [u'(WT)(l - eé*r”T*S)))} =0. (3)

We now define the Ra as the difference between the floating rate and the
fixed rate in the period (s,T), i.e., as

Ran=R—1%(T —s).
Also, for future use, let
HA = E[Z‘:L’A} = E[R] — TE(T — 8)

The first order condition may then be rewritten as

E o/ (Wr)(1 — efa))| = 0. (4)

2O~bserve that the following expression is on the form Wy = K + aY, where K is constant
and Y is a random variable. The problem has thus the same structure as both the classical
asset allocation problem, see e.g. Huang and Litzenberger (1988) as well as optimal purchase
of insurance problems, cf. Mossin (1968), as e.g., explained in the textbook by Eeckhoudt and
Gollier (1995).



3.1 A lower fixed rate bound for floating rate debt

In order to analyze this first order condition (3) further we apply the standard
arguments used, e.g., in Huang and Litzenberger (1988). We set « = 0. For
this special case all debt is fixed rate debt and Wy = W — Dexp (r*(T — s)) is
deterministic. The first order condition may then be written as

LD (W) (e’"”T*S) _E [eRD .

The value of the first order condition may be interpreted as the marginal increase
in expected utility of time T" wealth from a marginal increase in «. If the value
of the above expression is positive, we may conclude that the optimal value of
a is positive. We assume that E[e”] exists and can be written on the form

E[eé} =e

for a constant pu.
Now, define

_ M
?"L—T_S. (5)

These arguments lead to the following result:

Proposition 1 The optimal fraction of floating rate debt o is strictly positive
if and only if the fized rate r® is strictly greater than ri defined in expression

(5).

This result is interpreted as follows: If »* > ry, it is optimal to accept some
floating interest rate loan. If the fixed rate is rp or lower, at least 100% of the
loan amount is financed by fixed rate debt. In the case where strictly more
than 100% of the loan amount is financed by fixed rate debt, the agent ’shorts’
floating rate debt, i.e., the agent lends instead of borrows to the floating rate.

Note that this result holds for any utility function with strictly positive
marginal utility and does therefore not depend on our particular choice of utility
function in expression (1).

In the spirit of expression (4) this condition can equivalently be expressed
as follows: The optimal fraction of floating rate debt a* > 0 if and only if
In E[ef'a] = p—r%(T —s) < 0. In order to interpret the latter condition observe
that In E[ef2] is interpreted as the expected difference between the floating rate
and the fixed rate in the period (s,T") (It is not correct e.g., to simply compare
E[R] with r*(T — s).).

It is natural to define the risk premium of floating rate loans compared to
fixed rate loans as the expected gain by accepting floating rate loan instead of
fixed rate loan, i.e., as 7%(T — s) — u = — In E[ef*2]. The reformulated condition
then reads as follows: Accept some floating rate debt if and only if (1) the
expected floating rate is lower than the fixed rate, or equivalently, (2) the risk
premium is positive.



3.2 An upper bound for fixed rate debt

An upper bound for some fixed rate debt may be derived in an analogous matter.
Define N
s
We now study the situation with only floating rate loan, i.e., we let « = 1. By
using the CRRA utility function in expression (1) the first order condition (3)
is proportional to

Z:

E[Z'*)+ (erz(T_ﬁ - Vg) E[Z77]

If this first order condition takes a negative value, it is optimal to decrease «,
i.e., to accept some fixed rate loan. Define

W E[Z'7]
. (D -2 )] | ©)

Proposition 2 The optimal fraction of floating rate debt o is strictly less than
1 if and only if the fized rate r* < ry defined in expression (6).

1
T—s

ru =

We now have the following result:

This result tells us that for fixed rates lower than r; it is optimal to accept some
fixed rate loan. As opposed to the lower bound the upper bound ry depends
on the agent specific factors, %, p, and our specific choice of utility function
(see expression (1)). Numerical results require the calculation of two moments
of the random variable Z defined above. The expression for ry also holds for
the case p =1, i.e., for u(z) = In(z).

From expression (6) the following result follows immediately for the special
case of a risk neutral agent:

Proposition 3 For a risk neutral agent, i.e., p = 0, the upper bound equals the
lower bound ry = rp,.

Thus, a risk neutral agent chooses the debt alternative with the lowest expected
interest rate, i.e., either fixed rate loan or floating rate loan, never a combination
of both.

3.3 Constant relative risk aversion? A reformulation

By inserting the assumed CRRA utility function (1) into the first order condition
(4) we obtain

B|(1+ S0 ) (1= )| <o @

From this expression it is clear that o depends on the time s wealth to debt
ratio L, in addition to p and properties of Ra for a fixed time horizon T' — s.
Here o* does not, for example, depend on the levels of either W or D.



By inspection of equation (7) it is clear that the optimal « is proportional to
the parameter L, i.e., if & solves the equation for L, ka will solve the equation
for kL, for any constant k.

From this proportionality property we see that the fraction of floating rate
debt increases with the wealth to debt ratio L. However, a well known property
of CRRA utility (1) is that the total fraction of ’risky investments’ is inde-
pendent of wealth. In order to obtain results in this spirit we reformulate the
problem as follows: We now express the amount of floating rate debt as a frac-
tion § of the time s market value of the time T wealth as

W = (W — D™ (T=9) (1 + 5 (1 - eRA)) :

The first order condition of this reformulation is
~ —p _
E {(1+ﬂ(leRA)) (leRA)} —0. 8)

By inspection of the first order condition (8) it is clear that the optimal /3
(denoted by 3*) does neither depend on W, D, nor L.

As mentioned, the reformulation only involves a change of base for a fraction,
so the total optimal amounts of floating rate debt are the same for the two
formulations. Thus

Da* = (We ™ (T=9) _ D)3*.

This insight leads to a simpler way of calculating o for different wealth to
debt ratios: First, calculate 8* which is independent of L. Then, calculate the
corresponding a* as

o = L%,

i.e., the optimal « is given as the optimal 4 multiplied by the time s wealth to
debt ratio.

3.4 Numerical illustrations — static case

Our numerical analysis is based on the first order condition (8) which can not
be solved in closed form. We therefore solve it numerically and compare with 3
different approximations.

We assume that R is normally distributed with expectation ps 7 and vari-
ance O’E’T, and use the more compact notation R ~ N (p.7, UiT) for this. By
imposing this assumption directly on R we do not need to assume anything
about the short term interest rate process. However, our assumed parameter
values will be consistent with the short term interest rate process we apply for
our numerical analysis in the continuous model later in the paper.

The first approximation is the Campbell and Viceira (2002) approximation
adapted to our problem:

—p+r(T —s)

2
pas,T

(9)

Bov =

10



—In E[eéﬁ]
pol
risk premium divided by the product of the relativ risk aversion coefficient
and a variance. In addition to its simple structure and obvious relationship to
optimal asset allocation in mean variance models, Campbell and Viceira (2002)
show that it converges to the exact solution in the limit as the time horizon
approaches zero for the asset allocation problem they study. They therefore
conclude that their approximation performs better for short horizon problems

than for long horizon problems.

One critical step in their approximation consists of (rewritten in our nota-
tion) replacing (R — (T — s))? by criT. Obviously, numerical accuracy can be
improved by realizing that (R—7(T —s))? = (R — pus.1) + (pts.7 — (T — 5)))?,
and replacing the latter expression by its expectation O’?)T + ()2, This refine-
ment leads to the following approximation

This expression can equivalently be written as BCV = , l.e., as the

p= (T = 5) + 3 (4*)’
R

(10)
polp+ (u2

Bovy = —

Both the two previous approximations are best suited for shorter maturities.
Below we present a third approximation based directly on the first order con-
dition (8) (details in Appendix B), which should perform better than the two
previous ones for long maturities.

02p—2(1—M)? —oy\/p202 —2(1 — M)2(1+p)p

o= 21— M)+ o2(1 - M)p(p— 1) ’

(11)

where N )
0-2 — 62# +oir (605,T _ 1)

and N ,
1
M = et T2%,T,

Table (2) presents the base case parameters, which are intended to be within
reasonable ranges. In particular, the base case values of the mean reversion
speed ¢ and the volatility v are close to the values estimated for the Vasicek spot
rate interest by Chan, Karolyi, Longstaff, and Sanders (1992). The chosen value
of the interest rate level r is similar to the value used e.g., by Munk and Sgrensen
(2001), although the optimal allocation is not dependent on this parameter.
The chosen time horizon represents a typical option in the Norwegian market
for consumers who want to fix their debt interest rate.

In table (3) the approximations are compared for the base case parameters.
The refined Cambell-Viceira approximation (10) performs best. The Campbell-
Viceira approximation (9) also performs better than the first order condition
approximation (11). Some preliminary testing indicates that this ranking holds
for maturities up to 5 years. Then the ranking is reversed, i.e., the first or-
der condition performs better than the Campbell-Viceira approximation which
again performs better than the refined Cambell-Viceira approximation. When

11



Base case parameters:

Time horizon T—s5=3
Amount of debt L=1
Wealth to debt ratio D=1
Fixed interest rate r* =5%
Expectation of R s, = 0.147079
Variance of R o2 . = 0.002604

Table 2: Base case parameters. Observe that the assumed psr and O’iT is
consisten with a short term interest process of the Ornstein-Uhlenbeck type
dry = g(m — r¢)dt + vd B, with parameters v = 0.02, ¢ = 0.15, m = 0.045, and
initial value ro = 0.05.

p=3 p=1 p=2 p=4 p=38

G* 1.231 0.6187 0.3100 0.1551  0.07759
Bev 1.243  0.6217  0.3109 0.1554  0.07777
Bev+ 1.232  0.6180 0.3095 0.1549  0.07748

3 1.249 0.6236  0.3116  0.1557  0.07785
E[UWZ)] | 2157 0.1505 -0.8605 -0.2125 -0.04997

Table 3: Optimal § from equation (8), approximate 3 from equations (9), (10),
and (11) and optimal expected utility for the base case parameters.

12



Parameter Lower/upper bound Numerical result
pt + %aiT =0
Ag —5.40 bp A, T— 3%
T-—s 938 T —s1— 0]
A, —22.29 bp Ap T— 0%
v 0.02996 v]—gB*|

Table 4: Comparative statistics from figure 1, 2, 3, and 4.

we present numerical results below we therefore (except for two cases) apply the
refined Campbell-Viceira approximation.

In table (3) some numerical values of 5* are calculated together with the
values of the approximated (3 for the ase case parameters.

Figure 1,2,3, and 4 depict the approximated optimal fraction of floating rate
debt as a function of the relative risk aversion parameter p for alternative values
of the fixed rate, the time horizon T — s, expectation of R (presented as level of
mean reversion m in the corresponding short term process), and variance of R
(presented as changes in interest rate volatility v), respectively. All graphs are
based on the refined Campbell-Viceira approximation (10) except the graphs
for T —s =6 and T — s = 9 in Figure 2, which are based and the first order
condition approximation (11). The comparative statistics read from the 5 figures
are presented in the following table. The arguments after Proposition 1 allow us
to find a lower (upper) bound for the parameter values in order for the optimal
0 to take positive values in the case where ( is increasing (decreasing) with
the parameter. We sometimes use the standard convention that 1% = 100 bp
(basispoints).

4 The dynamic problem: Continuous rebalanc-
ing of debt

In this section we allow the investor to rebalance the debt portfolio between the
initial time s and the time of expiration T. The rebalancing does not impose
any cost for the agent and can be done continuously.

Our methodology is based on the martingale formulation by Pliska (1986)
and Cox and Huang (1989) as recently extended by Sgrensen (1999) and Munk
and Sgrensen (2001).

4.1 The bond market

The dynamics of market prices of default free unit discount bonds under the
original probability measure P are

t t
P, ;= S)T—&—/ [ru—i—b(u,T)]Pu}Tdu—I—/ a(u,7)P, +dB,, (12)

13



Alternative fixed interest rate levels

0.8

eta 0.6

0.4}

029 %

rho

Figure 1: Optimal § as a function of the relativ risk aversion parameter p for
alternative fixed interest rates r*. The values of r* are, starting from the left
curve, 4.95%, 5% , 5.1%, and 5.2%. The solid line corresponds to the base case
parameter ¢ = 5%.

Alternative time horizons

eta

rho

Figure 2: Optimal § as a function of the relativ risk aversion parameter p for
various ceteris paribus changes in the base case parameters. The following values
of time horizons T' — s have been used, starting from the leftmost curve: 9, 6,
3, 1%, and %. The solid line corresponds to the base case parameter.
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Alternative levels of mean reversion

124

0.81:

041

024 %

Figure 3: Optimal § as a function of the relativ risk aversion parameter p for
various ceteris paribus changes in the base case parameters. The following values
of ps 7 have been used: 0.148540, 0.147079, and 0.145619. This corresponds to
the following changes in the parameter representing the level of mean reversion
m: 4.75%, 4.5%, and 4.25% bp. The solid line corresponds to the base case
parameter us = 0.147079 (m = 4.5%).

124 Alternative interest rate volatilities
27 N

089 !

beta 064 1

0.4+

0.2

Figure 4: Optimal § as a function of the relativ risk aversion parameter p for
various ceteris paribus changes in the base case parameters. The following values
of o5 7 have been used: 0.005665, 0.004069, 0.002604, 0.001465, and 0.000651.
This corresponds to the following changes in the volatility parameter v of the
short term interest rate process: 0.0295, 0.025, 0.02, 0.015, and 0.01. The solid
line corresponds to the base case parameter o5 = 0.002604 (v = 0.02).



where 7 represents the maturity of the bond, and
b(t,7) = a(t, 7)As(t).

Here A;(t) represents the market price of interest rate risk at time ¢ assesed
by the market at the initial time s. We assume that A\;(¢) is deterministic.
Furthermore, the function a(t, ) is determined by the so-far unspecified short
interest rate process.

For simplicity we also assume that f; rydu for all t < T is Gaussian and let

t
st =FE {/ rudu]
¢
ait = Var [/ rudu] .
S

4.2 Intermediate market value of debt and debt dynamics

and

In the dynamic setting of this section we both need the market value at inter-
mediate points in time as well as the stochastic dynamics of fixed and floating
rate debt.

First we derive expressions for the market values of debt at time ¢, s <t < T.
Let DL be a time s amount of floating rate debt which has to be paid back
including interest rates at time 7. The market value of this debt at time t > s
is

Df = DEER [en I rudugl rudu]
_ plel!rudu, (13)

Let DX denote a time s amount of fixed rate debt which has to be paid back
including interest rates at time 7" . The market value of this debt at time ¢t > s
is

DX = DX B [em I ruuellrtin]
— D;X r:(Tfs)EtQ |:€7 ftT rudu:|
=DXes(T=9p, 1. (14)

From the previous expressions (13) and (14) we derive the fixed and floating
rate dynamics below. The market value of fixed rate debt can be described by
the following stochastic differential equation

dD}* = (r¢ + byr)D;¥ dt + ar 7 D;* dB, (15)

together with the given constant DX. As one should expect, fixed rate debt
has identical dynamics as a bond with the same expiration as the debt, see
expression (12).
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The corresponding stochastic differential equation for the market value of
floating rate debt is
dDF = r,DEat, (16)

where the initial value is the given constant DL. Floating rate debt has the
same dynamics as a bank account (sometimes called a money market account)
where interest accrues according to the spot rate r;.

In addition to debt the agent’s time T' wealth consists only of the determin-
istic amount W. The market value at time t, s <t < T of the agent’s time T
wealth for given amounts of fixed and floating rate debts is therefore

W, =WP,r — D;* — Df.

From the equations (12), (15), (16), and It6’s lemma the dynamics of the wealth
process may be written as

th = ((’I“t + bt,T)Wt + bt7TDtL) dt + at7T(Wt + DtL)dBt, (17)

where the initial value Wy is a given constant. We now let D; denote the market
value of the total debt at time ¢, i.e., D; = DX + D}, and let oy denote the
fraction of floating rate debt, i.e., DF = a;D;. By substituting in expression
(17) we obtain

AWy = ((r + by, )Wy + by 7y Dy) dt + ay (W + Dy )dBy. (18)

Alternatively, we may express the floating rate amount at time ¢ as a fraction
B¢ of time ¢ wealth, DF = 3,W; (somewhat similar as we did in the previous
section above expression (8)). By substituting in expression (17) we now obtain

dW, = (T’t + bth(]. + ﬁt))Wt)dt + at,T(]- + ﬂt)WtdBt. (19)

The connection between «; and (3, is

Wy
ap = Eﬂta

= Ltﬂta (20)

where L; is the wealth to debt ratio as previously defined. This is exactly the
same relationship between o and 3 as in the static case.

4.3 The agent’s problem

The agent’s problem is similar as in section 3. Also in this dynamic set-up
utility is derived only from time 7" wealth. At time s the investors problem is:
1 1
Js =sup Es | —— (Wr) ~*
Wr 1—-p

subject to
Es [fs,TWT] S Ws,

17



where

fs,t = exp ( /t rydu — /t )\S(U)dBu - ;/t )\s(u)2du> (21)

is sometimes called the state price deflator. For the special case p = 1 we assume
that Js = supyy,. Es[In(Wr)].
For future use define

T
At:/ s (u)?du
¢

and
1 = =1 (T = 1),

For example the market price of a default free unit discount bond expiring
at time T may be expressed by the state price deflator as

PS,T = Es [gs,T]-

Our assumptions on fST rydu and Ag(t) imply that In(¢ ) is normally dis-
tributed and we can calculate P, 7 as

1

1
P, =exp <—,Us,T - 51\5(”) + 2V52,T> s

T T
Vip = Var </ rodu +/ /\S(u)dBu|.7-'s> :

4.4 Solution of the problem

where

First define Fy as the forward (time T') value of time s wealth, i.e.,

W. _ LD

Fy = .
) PS,T PS,T

The optimal indirect utility for this problem is given in the following propo-
sition.

Proposition 4 The optimal expected utility for this problem for p # 1 is

_ 1 1—p l_p 1 A
ner e (S eR))] e

Optimal expected utility for logarithmic utility (p =1) is
1
Jo =Mn(F) + JAs + ps. (23)

See appendix C for a proof.
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4.5 Optimal debt positions

In the following propositions we present the optimal fractions of floating rate
debt and, thus, implicitly, the optimal fixed rate debt.

Proposition 5 The optimal time t > s fraction of floating rate debt, expressed
as a fraction of total debt, is

o == (W) - 1) L.

P\ at,T

Proposition 6 The optimal time t > s fraction of floating rate debt, expressed
as a fraction of the market value of total time t wealth, is

1 /At
Be=— <() - 1) -
P\ atT
See appendix C for a proof.

4.6 Numerical illustrations — dynamic case

We assume that the spot interest rate process by r; is given by the following
stochastic differential equation under the original probability measure P

dry = q(m — ry)dt + vd By, (24)

where the initial value ry = r is a given constant. This is the well known
Ornstein-Uhlenbeck process, first used in financial economics by Vasicek (1977).
The parameters m, ¢ and v are interpreted as the long-run mean to which the
process tend to revert, the speed of reversion and the volatility of the process,

respectively.
The solution of (24) is

t
re =m+ (rs — m)e_q(t_s) —|—/ ve 1= 4RB,. (25)

Since R, 1 = fST ridt we calculate Ry 1 as as

1 — e—a(T—s) T
Rsr=m(T —s)+ (rs — m)# — / a(u, T)dB,, (26)

where

a(t,7) = (e~ _1).
(t,7) q( 1) (27)

Observe that R 1 is Gaussian with expectation and variance

por = m(T — 5) + %(rs —m)(1 — a9 (28)
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and
T 1}2
oy = / a(u, T)?*du = %0 (2q(T —8) =3+ 4e" 9T e‘Qq(T‘S)) , (29)

respectively.
We assume that the market price of (interest rate) risk at time s as a function
of time ¢ is

v
2q

_gm 1

M= L ah 0+ 0] - - e @)

v

Notice that for fixed s the market price of risk is a deterministic process of time
which depends on the time s forward rates f;(¢) as well as the derivative of the
time s forward rate %fs (t) and 3 parameters (g, m, v) of the spot interest rate
process.

By this choice of market price of risk the dynamics of the spot interest rate
process under the equivalent martingale measure Q can be written as

dry = q (0 —ry) dt + vdB,

where B; is a Brownian motion under the equivalent martingale measure Q,
rs = r a constant, and

2

_1o U7 —2a(t—s)
at— qatfs(t)+fs(t)+2q (1 € )

This model® of spot interest rates under the equivalent martingale measure is
known as a version of the Hull and White (1990) one-factor model.

We present some numerical results to compare the dynamic case with the
static case both in terms of welfare measured by expected utility and initial
fractions of floating rate debt.

From proposition 5 the optimal fraction of floating rate debt depends on the
market price of risk, which again (see equation (30)) depends on the initial (time
s) forward rates. We will therefore consider the following 4 cases (see Figure 6):

3 Alternatively, our model can be expressed under the equivalent martingale measure as

t ¢
re = fs(t) +/ q(0y — ry)du +/ vdBy,
S S

where
~ ( ) ’IJ2 ( 2q( ))

This latter equivalent formulation is in spirit with the more general Heath, Jarrow, and
Morton (1992) term structure formulation in the sense that the initial value of the process
is the instantaneous forward rate. It can also be shown that the current model is a special
case of the Heath et al. (1992) model, see e.g., Miltersen and Persson (1999). The above
equation (30) corrects an error in corresponding equation (for A¢) at the bottom of page 310
in Miltersen and Persson (1999).
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Base case parameters:

Speed of mean reversion q=0.15

Diff. in mean reversion level (1% = 100 bp) r —m = A,, = —50 bp
Volatility of interest rate v = 0.02

Other parameters:

Time horizon T—-5=3
Difference in fixed interest rate level r—r*=A,=0
Additional parameters for analyzing welfare:

Amount of debt L=1

Wealth to debt ratio D=1

Interest rate level r=>5%

Table 5: Base case parameters

0.0503 +

0.0502 -

0.0501

0.05

Case 2

0.0499 -

0.0498 1

0.0497 Case 4 Case 3

Case 1

Figure 5: The 4 different initial term structures.
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-0.02 q
Case 3

-0.04{

~0.06 —

—0.08 §

Case 4

-0.12-

Figure 6: The 4 different market price of risk processes.

e Case 1. As Brennan and Xia (2000) and Bajeux-Besnainou et al. (2001)
among others, we first assume that A\s(t) = A, a constant. This assumption
implies (from equation (30)) that the initial forward rates are of the form:

2
L(l — ema(t=s))2,

A
FO) = rem 10 g = =) (1= 1) — o

The derivative of of the initial forward rate is

By 2
%ﬁl)@ _ geat9) <m S e—q(t—s>)> ,

For our choice of parameter values fs(l) (t) will be humped, i.e., increasing
for small ¢ values and decreasing for larger ¢ values.

r(T—s)

By definition Py =e Also, P 1 can be calculated as

s
)

Ps o= E?[(i_ IT 7-tdt] — e_ﬂS’TJ’_%U?vT — e*,us,T%*%Uf’T#»:\%[Tfsfé(lfe*Q(Tfs))]

where fis 7 denotes the expectation of fST r+dt under the equivalent mar-
tingale measure. By equating these two expressions the market price of
risk at time s is determined as

q s — 5050 —1"(T —5)
V(T —s— (1 —e1T=9))

X:
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e Case 2. The initial forward rates are constant, i.e., f{* (t) = r for all ¢.
Then %fs(z)(t) =0 and

AD () = %(m —r) - 2%(1 — e 2(t=a))y,

e Case 3. The initial forward rates are initially increasing, given by the

function ot -
3)(4) = in(ZT\E TSy L
7)) =+ sin(—— ) 355
The derivative of of the initial forward rate is
0 27 (t — s) T
Z @) =
s O = o) mem =)
and
. . 2m(t—s)
AG) (1) = q oy 4
(8 =5 m =) = 5500y M =5 )
T 2m(t — s) v —og(t—
— — (1 — g 2a(t=s)y,
15007 — 50 T =5 ) T agt ¢ )

e Case 4. The forward rates are initially decreasing. In particular the initial
forward rates are given by the function

27(t — s) 1

() = i .
[5®) =rsin(=—=+m 3555

The derivative of of the initial forward rate is

0 27(t — s) ™

~or4) t) =

aifs (O = oS =+ Mg

and
M) = L =) = L gn(ZTE=9) |
s v 3000w T—s
™ 27t — s) v —og(i—

— (1 — e 2a(t—s)y

5007 — o0 1= T gt )

These choices of initial forward rates all produce the same fixed rate r* = 5%.
To make the choice between fixed and floating rate less obvious we set the
initial spot rate equal to the fixed rate in the numerical examples. Given this
restriction the sinus function is a natural choice as a model of the initial forward
rates in case 3 and case 4.

In table (6) some values of J; are calculated for the four cases for the base
case parameters. In order to interpret these results the increase in certainty
equivalent wealth from the static case to each of the dynamic case is presented
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T p=3% p=1 p=2 p=4  p=38
static case 2.157 0.1505 -0.8605 -0.2125 -0.04997
constant A 2.159 0.1515 -0.8601 -0.2123 -0.04992

constant f5(t) 2.162 0.1527 -0.8595 -0.2121 -0.04987
increasing fs(¢t) | 2.163 0.1535 -0.8592 -0.2120 -0.04984
decreasing fs(t) | 2.164 0.1538 -0.8591 -0.2119 -0.04983

Table 6: Optimal initial utility levels J, calculated from equation (22) and
compared with the results of the previous static model in table (??) for the
base case parameters.

ACE in % p=3 p=1 p=2 p=4 p=38
constant A 0.19 0.10 0.05 0.03 0.01
constant fs(t) 046 0.22 0.12 0.06 0.03
increasing fs(t) 0.56 030 015 0.08 0.04
decreasing f(t) 065 033 0.16 0.09 0.04

Table 7: Percentage increase in certainty equivalent wealth (ACE) compared
with static case for the four dynamic cases. Let @ denote the optimal util-
ity level from table (6). The certainty equivalent wealth is then calculated as

(u(1— p))ﬁ for p # 1 and as €% for p = 1.

in table (7). The overall conclusion is that the increase in optimal expected
utility from the static to the dynamic case is low, less that 0.65%. The increase in
certainty equivalent wealth seems to be decreasing in the risk aversion parameter
p (with one exception), so that the welfare increase in a dynamic setting is largest
for investors with low levels of risk aversion.

In the figures 8-13 the optimal values for the initial fractions of floating rate
debt (3, are presented. The main conclusion from these tables is that the initial
positions of floating rate are sensitive to the initial term structure.

5 Concluding remarks and further research

Our model for debt allocation produces realistic debt allocations for reasonable
parameter values, and can be applied as one tool in individuals’ financing deci-
sions. If we interpret the optimizing agent as a representative agent our model
can be used for analyzing the distribution between fixed and adjustable rates in
mortgage markets.

Our preliminary numerical comparisons between the static case (no rebal-
ancing of the debt portfolio) with the dynamic case (continuous and costless
rebalancing) indicate, perhaps surprisingly, low increase in ’welfare’ in dynamic
situation compared to static situation. At least this is the case for high levels
of relative risk aversion.
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. Optimal beta for the static and the 4 dynamic cases - base case
|

Static
051 | Case 3
\ Case 1

-0.57

Figure 7: Initial optimal allocations for the four dynamic cases and the static
case for the base case parameters.

Optimal beta for the static and the 4 dynamic cases - Dx=+10bp

\ Static

Case 1
Case 3
0.5

Figure 8: Initial optimal allocations for the four dynamic cases and the static
case for A, = 410 bp.
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Optimal beta for the static and the 4 dynamic cases - T=1.5

1 Case 3
\ Static

\\ Case 1

\ Case 2

0.5
o 2 4 6 8 10
rho -
-0.51 — — Case 4

e

Figure 9: Initial optimal allocations for the four dynamic cases and the static
case for T'= 1.5.

Optimal beta for the static and the 4 dynamic cases - q = 0.2

Static
0.51 Case 3
Case 1
Case 2
8 10

Figure 10: Initial optimal allocations for the four dynamic cases and the static
case for ¢ = 0.2.
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Optimal beta for the static and the 4 dynamic cases - Dm = —75 bp

Static

0.51 Case 3
Case 1
Case 2

0 2 2 6~ & ————10

e

Figure 11: Initial optimal allocations for the four dynamic cases and the static
case for A,, = —75 bp.

Optimal beta for the static and the 4 dynamic cases - v = 0.015

Figure 12: Initial optimal allocations for the four dynamic cases and the static
case for v = 0.015.
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In the dynamic case the optimal initial fractions of floating rate debt are
partly determined by the initial forward interest rates, which do not influence
the corresponding optimal fraction in the static case. Therefore, we do not
learn anything about the optimal floating rate debt fraction in the dynamic
case from the static case. Even if we are willing to assume that the market
price of interest rate risk is constant the initial optimal fractions of floating rate
debt are different in the static and dynamic cases.

The research in this article can be extended in a number of ways. First,
realism can be improved by introducing a multi-factor interest rate model. Also,
transaction costs can be introduced, in the spirit of Davis and Norman (1990),
Korn (1998), Oksendal and Sulem (2000), and Zakamouline (2002) in order to
make the set-up closer to real world situations. Finally, this set-up may be used
to study the effect of a stochastic collateral (W).

A Appendix

In this appendix a number of detailed calculations is collected.
From equation (30) direct calculations give

/STAS<t>dtq[<mﬂ><Ts> (r— (T >>}

1

q
2

{4 —5) =14 2T S>)] (31)

[SEES

and
[ Atnestar = St [ 1 - a0 - L5 pemar=)]
. (& . q & q s re

9 qT v? 4e—9(T=5) _9,=2a(T—s) _ 9 39
;6 qu( € — <€ -2)|. (32)

From the equations (30) and (26) by using (31) and (32) it follows that

Cov (/ redt, / dBt|.7~'> = /ST —a(t, T)s(t)dt

Il
SIS
| ——|
N

)ﬂ

&

S

S~—

Q

Py

|

)

=}

~
N

}ﬂ
>

—~

S~—

5

S

Q

Py
| IS
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It is now straight forward to calculate

T T
‘/SZ,T = Var </ Ttdt+/ Ag(t)dBtLFg)

T T T
= O'iT —I—/ As(t)?dt + 2Cov (/ rtdt,/ /\S(t)dBt|.7:s>

= /T As(t)2dt +2p”. (33)

This expression also holds in the case where \,(t) = A, a constant.

B An approximation of 3*

Define
X =",

where Y ~ N(u®,02 ). Moreover, let
fX)=(1+p01-X))", 9(X) = F(X)X.
Then the first order condition (8) can be written as
E[f(X)] = Elg(X)] = 0. (34)

We approximate f(-) and g(-) by second order Taylor expansions. First we
calculate derivatives:

FI(X) = pB(L+B(1 = X))~ f(X) = plp+ 1B (1 + (1 — X))~ 0+,
9(X) = f(X)X + f(X), g"(X) = ["(X)X + 2/ (X).

The first order condition (34) based on second order Taylor approximations of
f(-) and g(+) around X = F[X] = p now becomes

P = ) =0 (1) + 50" ()1 — 1) =0,

where 02 = Var(X). Inserting for f(-), f'(-),f"(+), simplifying, and rearranging

yields
2

1 o
(U—uf+§fmp—UW”+@—172W+1=0
This equation has the solution
gL B /By (35)
AN 2 4 ’
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where

1
A=(1=p)’+50%(p—1),

and
B=2(1-p)-

1—p
The approximation, labelled 3, in expression (11) is calculated as the solution
of (35) using the negative root.

C Proofs

C.1 Proof of proposition 4

Consider first the case p # 1. From the first order condition of the corresponding
Lagrangian we obtain
1 1
Wr =L77(§s,1)" 7, (36)

where £ denotes the Lagrangian multiplier. Inserting the expression (36) for
Wr into the budget constraint we obtain

W, = L7 E[(&r) 7 ],

W,
p—1
Es[(€s,m) 7]
write the optimal terminal wealth Wy as

from which we determine £ as £ 5 = From equation (36) we

. Wy _1
Wip=——"F=(&1) 7. (37)
Es[(&s,1) 7]
Finally, we insert this expression into the objective function and obtain
Jo= B |7 W) | = WP B (6r) 7Y
s S 1— P T 1 — p s s s, .

—1 p—1 11—py,2
=2 Vir

Equation (22) is obtained by calculating E [({s,7) » | = (Ps,r) » €2 ¢°

Equation (36) also holds for the case p = 1. The expression correspon-
ding to equation (37) is Wi = WSE% Equation (23) follows by inserting this
expression into the objective function.

C.2 Proof of proposition 5

The proof consists of deriving the dynamics of the optimal wealth process (37).
By equating this process with the wealth processes derived earlier in equations
(19) and (18) the optimal 5 and «, respectively, are determined.

We start by defining the process Y; for ¢ > s as

p— WS

Qo (&se) 7 (38)

Y;
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where 1 1 11-pys2
p—1 p=l 1L2=py
Qs,t - Es |:(§s,t) L :| - (Ps,t) poe? p? ot
Observe that Y; can be interpreted as the optimal wealth process for the given
time horizon ¢, in particular Y = W23 from equation (37). By applying Itd’s
lemma to the above equation @), for ¢ > s may be expressed as

t t p* 1
Qs,t =1 +/ () dv+/ P av,th,vdBva (39)

where the drift term is left unspecified. Furthermore, we obtain from equation
(21)

t t
gs,t =1 _/ Tvgs,vdv _/ )\s(v)fs,vdva (40)

We now apply It6’s lemma to equation (38) to find the dynamics of Y; and
evaluate this expression for t = T

T T
-1
wi=wot+ [ Qas [ [”pT AS/f’)}wvdm

)

The time ¢ instantaneous dB; term of this equation is [%at T+ ’\T(t)} W;. By

equating this term of with the similar term a; (1 + 8,)W; of expression (19)
the expression for 3 in the proposition is obtained.

Proposition (5) then follows from the general connection between a; and i
in expression (20). Alternatively, it can be derived by equating the dB; term of
the above equation with the dB; term of equation (18).

References

I. Bajeux-Besnainou, J. W. Jordan, and R. Portait. An asset allocation puzzle:
Comment. American Economic Review, 91:1170—1179, 2001.

M. J. Brennan and Y. Xia. Stochastic interest rates and the bond-stock mix.
European Finance Review, 4:197—210, 2000.

J. Y. Campbell. Household finance. unpublished working-paper., 2006.

J. Y. Campbell and J. F. Cocco. Houshold risk management and optimal mort-
gage choice. Quarterly Journal of Economics, 118:1449—1494, 2003.

J. Y. Campbell and L. M. Viceira. Strategic Asset Allocation. Portfolio Choice
for Long-Term Investors. Oxford University Press, New York, USA, 2002.

N. Canner, N. G. Mankiw, and D. N. Weil. An asset allocation puzzle. American
FEconomic Review, 87:181—191, 1997.

31



K. C. Chan, G. A. Karolyi, F. A. Longstaff, and A. B. Sanders. An empirical
comparison of alternative models of the short-term interest rate. The Journal
of Finance, XLVII(3):1209-1227, July 1992.

J. C. Cox and C.-F. Huang. Optimal consumption and portfolio policies when
asset prices follow a diffusion process. Journal of Economic Theory, 49:33—
83, 1989.

M. Davis and A. Norman. Portfolio selection with transaction costs. Mathe-
matics of Operations Research, 15(4):676—713, 1990.

K. B. Dunn and C. S. Spatt. An analysis of mortgage contracting: Prepayment
penalities and the due-on-sale clause. The Journal of Finance, pages 293—
308, 1985.

K. B. Dunn and C. S. Spatt. Private information and incentives: Implications
for mortgage contract terms and pricing. Journal of Real Estate Finance and
Economics, 1:47-60, 1988.

K. B. Dunn and C. S. Spatt. Call options, points, and dominance restrictions
on debt contracts. The Journal of Finance, pages 2317—2337, 1999.

L. Eeckhoudt and C. Gollier. Risk — evaluation, management and sharing.
Harvester Wheatsheaf, New York, USA, 1995.

European Central Bank 2003. Structural factors in the eu housing markets.
Report issued by the European Central Bank, March, 2003.

D. Heath, R. Jarrow, and A. J. Morton. Bond pricing and the term struc-
ture of interest rates: A new methodology for contingent claims valuation.
Econometrica, 60(1):77-105, Jan. 1992.

C.-f. Huang and R. H. Litzenberger. Foundations for Financial Economics.
North-Holland Publishing Company, New York, New York, USA, 1988.

J. Hull and A. White. Pricing interest rate derivative securities. The Review of
Financial Studies, 3(4):573-592, 1990.

R. Korn. Portfolio optimisation with strictly positive transaction costs and
impulse control. Finance and Stochastics, 2:85—114, 1998.

R. C. Merton. Lifetime portfolio selection under uncertainty: The continuous-
time case. Review of Economics and Statistics, 51:247—257, 1969.

R. C. Merton. Optimum consumption and portfolio rules in a continuous time
model. Journal of Economic Theory, 3:373-413, Dec. 1971. Erratum: Merton
(1973). Reprinted in (Merton, 1990, Chapter 5).

R. C. Merton. Erratum. Journal of Economic Theory, 6:213-214, 1973.

32



R. C. Merton. Continuous-Time Finance. Basil Blackwell Inc., Padstow, Great
Britain, 1990.

D. Miles. Incentives information and efficiency in the uk mortgage market. The
Economic Journal, pages C82-C98, 2005.

K. R. Miltersen and S.-A. Persson. Pricing rate of return guarantees in a heath-
jarrow-morton framework. Insurance: Mathematics and Economics, 25:307—

325, 1999.

J. Mossin. Aspects of rational insurance purchasing. Journal of Political Econ-
omy, 76:553—>568, 1968.

C. Munk and C. Sgrensen. Optimal consumption and investment strategies with
stochastic interest rates. Working-paper, Odense University, Denmark, 2001.

B. Oksendal and A. Sulem. Optimal consumption and portfolio with both
fixed and proportional transaction costs. Working-paper, University of Oslo,
Norway, 2000.

S. Pliska. A stochastic calculus model of continuous trading: Optimal portfolios.
Mathematics of Operations Research, 11:371—382, 1986.

C. Sgrensen. Dynamic asset allocation and fixed income management. Journal
of Financial and Quantitative Analysis, 34:513—531, 1999.

O. Vasicek. An equilibrium characterization of the term structure. Journal of
Financial Economics, 5:177-188, 1977.

V. 1. Zakamouline. Optimal portfolio selection with both fixed and proportional
transaction costs for a crra investor with finite horizon. Working-paper, Nor-
wegian School of Economics and Business Administration, 2002.

33



